INTERIOR SECOND DERIVATIVE ESTIMATES FOR SOLUTIONS TO 
THE LINEARIZED MONGE-AMPERE EQUATION 

2 1 CRISTIAN E. GUTIERREZ AND TRUYEN NGUYEN 

Abstract. Let Q c R" be a bounded convex domain and (p e C(Q) be a convex 
, function such that <fi is sufficiently smooth on dCl and the Monge-Ampere measure 

det D 2 <p is bounded away from zero and infinity in O. The corresponding 
£Sj , linearized Monge-Ampere equation is 

trace(OD 2 u) = /, 

where O := det D 2 (p (D 2 <p) 1 is the matrix of cofactors of D 2 (p. We prove a 
conjecture in [GT[ about the relationship between U estimates for D 2 u and the 
r"| ■ closeness between det D 2 <p and one. As a consequence, we obtain interior W 2,p 

estimates for solutions to such equation whenever the measure det D 2 (p is given by 
a continuous density and the function f belongs to U(Oi) for some q > max \p, n). 



^ ■ 1. Introduction 

L p -estimates play a fundamental role in the theory of second-order elliptic 
lO \ partial differential equations, with many works devoted to the topic, see HGiTi 

Chapter 9] and HCCl Chapter 7\. For linear equations of the form trace(A(x)D 2 w(x)) = 



fix) in a domain QcR" with 

(1.1) A|£| 2 < (A(x)£, O < A|£| 2 for all x e Q and I 6 R", 

L p -estimates for second derivatives of solutions were derived in the 1950's as 
a consequence of the celebrated Calderon and Zygmund theory of singular 
integrals. Precisely, if the matrix A(x) is continuous in Q, then for any domain 
Q' <s Q and any 1 < p < co we have 

(1.2) \\D 2 u\y m < c(Nb (Q) + \\f\y m ), 

where C is a constant depending only on p, A, A, n, dist(Q', dQ,) and the modulus of 
continuity of A(x). The continuity assumption on the coefficient matrix is essential 
when n > 3. Indeed, it is shown in [0] and ||PT| that if A(x) satisfies and is 
merely measurable, then (|1.2[) is false for p > 1. However, it is proved in HEME! 



that estimates for second derivatives that do not depend on the continuity of A(x) 
do hold when p > is sufficiently small. 

L p -estimates for second derivatives of solutions to fully nonlinear uniformly 
elliptic equations of the form F(D 2 u,x) = f(x) were studied by Caffarelli I CHI . 
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In this fundamental work, he established Calderon-Zygmund type interior W 2,p 
estimates for viscosity solutions under the assumptions that F(D 2 u, x) is suitably 
close to F(D 2 u, 0), and solutions to the frozen equation F(D 2 u, 0) = admit interior 
C 1,1 estimates. For more details and related results to those of Caffarelli, we refer 
to llCCi Chapter 7] and llEsllEl lSwllWL | l . By extending further his perturbation 
method in MCIL Caffarelli 1C31 was able to derive interior W 2,p estimates for convex 
solutions to the Monge- Ampere equation detD 2 <p = g(x) under the optimal 
condition that g is continuous and bounded away from zero and infinity (see 
also [G, Chapter 6], ffHlldPFl and the recent corresponding boundary estimates in 

mi). 

In this paper we consider the linearized Monge- Ampere equation. Let Q c R n 
be a normalized convex domain and <p e C(Q) be a convex function satisfying 
A < detD 2 cp = g(x) < A in Q and <p = on dQ. The linearized Monge-Ampere 
equation corresponding to <ft is 

(1.3) L^u := trace(OD 2 u) = f(x) in Q 

where O := (detD 2 ^)) (D 2 ^))" 1 is the matrix of cof actors of D 2 cp. We note that is 
both a non divergence and divergence differential operator which is degenerate 
elliptic, that is, the matrix O(x) is positive semi-definite and does not satisfy 
The equation (|1.3|) is of great importance as it appears in a number 
of problems. For example, it appears in affine differential geometry in the 
solution of the affine Bernstein problem (flU ITWTl ITWH ITW31 |TW1), and in 
the Aubreu's equation arising in the differential geometry of toric varieties ( ||Dlt 
ID21 ID31 ID41 IZlt |Z2| ). In addition, the equation appears in fluid mechanics in the 
semigeostrophic system which is an approximation to the incompressible Euler 
equation and is used in meteorology to study atmospheric flows ([CNPl lLolQ . The 
linearized Monge-Ampere equation was first studied by Caffarelli and Gutierrez 
in IICG21 where it is proved that nonnegative solutions to H^u = satisfy a 
uniform Harnack's inequality yielding, in particular, interior Holder continuity of 
solutions. By using these interior Holder estimates and perturbation arguments, 
we recently established in IIGN1 Cordes-Nirenberg type interior C 1,a estimates for 
solutions to (|1.3|) . 

The purpose in this paper is to study the U integrability of second derivatives 



of solutions to the equation (|1.3|) . A previous result in this direction is proved by 
Gutierrez and Tournier in HGT1 : for any domain Q' <s Q, there exist p > small 
and C > depending only on A, A, n and dist(Q', Q) such that 

(1-4) \\D 2 u\\ u , m < C(\\u\\ L ^ Q ) + ll/lb(Q)) 

for all solutions u £ C 2 (Q) of (|1.3|) . Notice that since ^(p = n det D 2 (p = ng(x), it 
follows from Wang's counterexample ||W|| that (|1.4[) is false for any p > 1. In fact, 



if we hope the estimate (|1.4[) to hold for large values of p, one needs to assume in 
addition that g £ C(Q), see IIGTi Section 8] for more details. In light of this, it was 
conjectured in HGTI1 that the Z/'-integrability of the second derivatives of u in (|1.3|) 
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improves when det D 2 (p gets closer to one ; in other words, if 1 — e < det D 2 cp < 1 +e, 
then the exponent p = p(e) in (|1.4|) satisfies p(e) — > +oo as e — > 0. 

In this article we solve the above conjecture in the affirmative, Theorem |4.6l As 
a consequence, we obtain the following main result of the paper. 

Theorem 1.1. Let Q be a normalized convex domain and g e C(Q) with < A < 
g(x) < A. Suppose u e Wj£(Q) is a solution of H^u = f in Q, where <p e C(Q) is a 
convex function satisfying detD 2 (p = g in Q and <p = on dd. Let Q! Q, p > 1 and 
max {n, p} < q < oo. Then there exists C > depending only on p, q, A, A, n, dist{Q! , <9Q) 
and the modulus of continuity of g such that 

(1-5) \\V 2 u\\mn>) < C (||w|k~( Q) + ||/|b (Q )) . 

The conditions on the Monge- Ampere measure detD 2 cp are sharp and the 
constant in (|1.5|) depends on detD 2 ^ and not on the maximum or minimum 
of eigenvalues of D 2 cp. Our result can be viewed as a degenerate counterpart 



of the classical Calderon-Zygmund estimates (|1.2|) for linear uniformly elliptic 
equations in non divergence form, and Caffarelli's interior W 2,p estimates HCli 
Theorem 1], ||CCl Chapter 7] for fully nonlinear uniformly elliptic equations. 

In order to address the lack of uniform ellipticity of the linearized Monge- Ampere 
operator, we follow the strategy in |CG2[ by working with sections of solutions 
to the Monge- Ampere equation. The role that the sections play in our analysis 
is similar to that of Euclidean balls in the theory of uniformly elliptic equations. 
In addition, to measure the degree of regularity of the solution we introduce 
the sets G M (u, O) where the solution u is touched by tangent paraboloids, see 



Definition 12.61 In contrast with HGT[ Definition 3.5], the sets Gm(u, O) are now 



invariant by affine transformations. We note that unlike the theory in HCCi 
Chapter 7], where the standard Euclidean distance is used, our tangent paraboloids 
are defined with respect to a quasi distance induced by the solution <p of the 
Monge-Ampere equation. With this new definition, our first step is to derive 
rough density estimates for the sets Gm(u, O) which are achieved by following the 
method in HGT1 . The next crucial step in solving the conjecture is to accelerate 
the initial density estimates. To make this breakthrough, we use a key idea 
introduced in HGNL that is, to compare solutions of two different linearized 
Monge-Ampere equations. Precisely, we compare solutions of X^w = / with 
solutions of £ w h = 0, having the same Dirichlet boundary data, where w is the 
solution of the Monge-Ampere equation detD 2 w = 1 in Q and w = on <9Q. It 
is also important to know that the coefficient matrices of two different linearized 
equations are close in L p -norm when the determinants of the corresponding 
convex functions are close in L°°-norm. This is given in our recent work |GN]. 
These two comparison results allow us to estimate explicitly \\u - h\\^ in terms of 
1 1 det D 2 cp - 1 1 |l~ / and by using this approximation we can perform the acceleration 
process to obtain the necessary density estimates for the sets Gm(u, O). Finally 
and to conclude the proof of the conjecture, all these estimates permit us to use 
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the covering theorems for sections of solutions to the Monge- Ampere equation 
proved in fell ICG2I . 

To give more perspective, we mention the following recent work for the linearized 
Monge-Ampere equation: Sobolev type inequalities associated to the linearized 
operator X^ (Tian and Wang BHWl), Liouville property for solutions to H^u = 
in K 2 ( Savin |Slj) and boundary C 1,a estimates for X^w = / and its applications 
(Le and Savin ||L5T1[LS2| V 

The paper is organized as follows. Section |2] is devoted to preliminary results 
for solutions <fi to the Monge-Ampere equation that will be used later. We also 
introduce there a quasi metric and the sets Gm(u, O) where the solution u to the 
linearized equation is touched by tangent paraboloids associated to the quasi 
distance. In Section [3] we establish density estimates for the set Gm(u, O) and use 
them to derive the initial power decay for the distribution function giving small 
integrability of D 2 u. Finally, Section |4] contains the main estimates in the paper 
showing how the integrability improves when det D 2 (p gets closer to one. 

2. Preliminary results 

2.1. Some properties for the Monge-Ampere equation. Given an open convex 
set Q c R n and a function <p e C(Q), dcp denotes the sub differential of <fi. The 
Monge-Ampere measure associated with <p is defined by M(p(E) := \d(j)(E)\, for 
all Borel subsets EcQ. The convex set Q is called a normalized convex domain if 
Bi(0) cQc B n (0). Here B R (y) denotes the Euclidean ball with radius R centered at 
y. Observe that by Fritz John's lemma, every bounded convex domain with non 
empty interior can be normalized, i.e., there is an invertible affine transformation 
T with Bi(0) c T(S) c B n (0). A section of a convex function (p e C 1 (Q) centered at x 
and with height t is defined by 

S^x, t) = ix E Q : (p(x) < (p(x) + V(p(x) ■ (x - x) + t\. 

If <p = on <9Q, then for < a < 1 we set 

(2.6) Q a = {x £ Q : <p(x) < (1 - a) m ^<P^ 

and notice that D. a is a section of <p at the minimum of <ft, i.e., Q a = S^Xo, -a<p(x )) 
where Xo e ^ is such that min n (p = (p(xo). We are going to list some basic 
properties related to sections that will be used later. All results in this subsection 
hold under the assumption: 

(H) Q is a normalized convex domain and <p e C(Q) is a convex function such that 

A < M(p < A in Q and <p = on <9Q. 
It is known from the works of Caffarelli HC2UC4H that (p is strictly convex and C 1 '' 



in the interior of Q. Moreover, we have the following lemma from [GHJ (see IfGl 
Theorem 3.3.10]). 
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Lemma 2.1. Let < a < $ < 1. Then for any x e Q a/ we /taue S^x, C (j8 - a) 7 ) c Q« 
/or some C and y depending only on n, A and A. Consequently, there exists rj = 
rj(a, n, A, A) > such that S^x, t) d Q/or aZZ x e Q a and f < 17. 

We now state a result about strong type p - p estimates for the maximal function 
with respect to sections. For that, let us fix < «o < 1 and take 770 = ^oO^O/ n, A, A) 
be the corresponding positive constant given by Lemma IZll 

Theorem 2.2. Let [i := M(p and define 

Ay/)(x) := sup ) \ \f(y)\dp.(y) Vx e Q ao . 
Then for any 1 < p < 00, f/?ere exzsfs a constant C depending on p, n, A and A such that 



\M,(f)(xW d^{x) 



<C |/(y)P>(y) 



a 



Notice that it is known from IICGll and HGT , Theorem 2.9] that A4 fI is of weak 
type 1-1. This together with the obvious inequality ||Alj(/)||L°°(Q a ) < ||/||L~(n) and 
the Marcinkiewicz interpolation lemma (see Theorem 5 in [St, Page 21]) yields the 
strong type p-p estimate in Theorem l2.2[ The next lemma is a slight modification 
of |]G] Lemma 6.2.1]. 

Lemma 2.3. There exist c = c(n, A, A) > and <5 = 5 (aQ,n,A,A) > such that if 
Xo e Cl ao and (p(x) > (p{xo) + V</)(x ) • (x-xq) +o\x- Xol 2 Vx e Q, then 

\ 

(p(x) < ep(x ) + V(f)(x ) ■ (x - x ) + c 2 ff „_i I* - *o| 2 for all |x-x |<S . 

Proof. Let u(x) := (p(x) - (p(xo) - V(p(xo) ■ (x - x ). Then by the proof of Lemma 6.2.1 
in (G]], we have u(x) < C(n, A, A)o~ n+1 |x - Xol 2 for all x e Q satisfying u(x) < rjo- 
Next it follows from Aleksandrov's maximum principle and |G , Proposition 3.2.3] 
that dist(Q ao , dO.) > c{n, A, A)(l - a ) n =: d aQ . Moreover if dist(x, dQ) > d a J2, then 
by using [G] Lemma 3.2.1] we obtain 

u(x) < \V(p(£,) - V(p(x )\ \x - x | < A/ A ^ |x - x | 

where £ is some point on the segment joining Xo and x. Therefore there exists 60 > 
depending only on a , n, A and A such that u(x) < 7] whenever |x - x | < <5 . □ 

The above lemma together with Lemma 6.2.2 in [G] gives: 
Lemma 2.4. Given < a < a and y > 0, we define 

(2.7) D; = {x G Q a : S^x, t) c B y ^{x), Vf < r] }. 
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Then there exist c = c(n, A, A) > and 5 = 5 (a , n, A, A) > such that for any y > 

■ r ■ / ■,->- diam (Q) _ 
satisfying (cy)»-i > — — , we have: if x g D a 1 then 

<p(x) - <p(x) - V<p(x) • (x - x) < y 2 \x - x\ 2 for all \x-x\< 5 . 
Proof. Let c and So be given by Lemma |Z3l and take x G D a l . Since (cy)«^ > 

(cy)S=I 

iam(Q) then have by llGl Lemma 6.2.21 that x G Q tt D A -2 , where 

A a := Ixo e Q : ^(x) > (/)(xo) + V(p(xo) • (x - Xo) + \x - Xo\ 2 , Vx G qJ . 
Therefore the conclusion of the lemma follows from Lemma [231 □ 

2.2. Tangent paraboloids and power decay for the Monge-Ampere equation. 

In this subsection we recall the quasi distance given by the convex function (p 
and then use it to define the sets where the solution u is touched from above and 
below by certain functions involving this quasi distance. 

Definition 2.5. Let Q be abounded convex set in R" and <p G C 1 (Q) be a convex function. 
For any x G Q and x G Q, we define d(x, x ) by 

d(x,x ) 2 := <p(x) - <p(x ) - V<p(x ) ■ (x - x ). 

Clearly x 1 — > d(x, Xq) is a convex function on Q. Since d(x,Xo) 2 is in general 
not equivalent to \x - Xq\ 2 , the following definition of "tangent paraboloids" has a 
nature different from the standard definition of tangent paraboloids for uniformly 
elliptic equations (see [CCfl ). It is however more suitable to exploit the degenerate 
structure of the solution <p to the Monge-Ampere equation. 

Definition 2.6. Let Q and <p be as in Definition 12.51 Then for u G C(Q) and M > 0, we 
define the sets 

G + M (u,G) 

= ix G Q : u is differentiable at x and u(x) < u(x) + Vu(x) • (x — x) + Md(x, x) 2 Vx G oj; 
G~ M {u, Q) 

= |x G Q : u is differentiable at x and u(x) > u(x) + Vu(x) • (x — x) - Md(x, x) 2 Vx G qJ; 

and G M (u, Q) := G + M {u, Q) n G~ M {u, Q). 

We note that local versions of Definition 12.51 and Definition 12 . 61 were introduced 
in MGTI1 . However, these definitions are not good enough for the purposes of this 
paper. The next observation is our starting point for deriving LP -estimates for 
second derivatives of solutions to the linearized Monge-Ampere equation. 

Lemma 2.7. Assume condition (H) holds. Let < a < ao, u G C(Q) and 
(2.8) 0(m)(x):=-0( M ,B 6o (x))(x) for x G Q ao 
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where 6 is given by Lemma \2.4\ and @(u,B 5o (x))(x) is defined exactly as in MCCl 
Section 1.2]. Then for K>l,we have 

(2.9) {x e Q a : G(u)(x) > B K } c (Q fl \ D a ^ x ) U (o fl \ G^m, □)) 

/or any /3 > satisfying (cB^)^ > J^L_^L xoith c = c(n, A, A) zs as m Lemma \2~4\ 
Proof Let y := jS 2 ^. If x e D a r n G^u, Q), then 

(cy) k-1 

-jS d(x, x) 2 < u(x) - u(x) - Vu(x) • (x - x) < $ d(x, x) 2 
for each isO. Since x e D a x , this together with Lemma l2~4l yields 

(cy)H=T 

-By 2 \x - x| 2 < w(x) - w(x) - Vw(x) • (x — x) < By 2 \x - x| 2 
for all \x — x\ < do, and so &(u,B 5o (x))(x) < 2By 2 = 2B K . Thus we have proved that 
D a x nGg(u,n)c{xen a :&(u)(x)<B K } 

(ey)5PI 

and the lemma follows by taking complements. □ 

In order to derive interior W 2,p estimates for solutions w to the linearized 
Monge-Ampere equation, we will need to estimate the distribution function 
F(B) := \{x G Q a : @(t*)(x) > B K }\ for some suitable choice of k > 1. It follows 
from Lemma IZ7l that this can be done if one can get appropriate fall off estimates 
for Fi(B) := \Q a \ D a x 1 | and F 2 (B) := \Q a \ G«(w,Q)| when B is large. Notice 

that since the function Fi(B) involves only the solution (p of the Monge-Ampere 
equation, its decay estimate has been established by Caffarelli in the fundamental 
work IIC31 . We reformulate his estimate in the following theorem. 

Theorem 2.8. Let Qbea normalized convex domain and <p e C(Q) be a convex function 
satisfying 1 - e < detD 2 (p < 1 + e in Q and <p = on dQ, where < e < 1/2. Then for 
any < a < 1, there exists a positive constant M depending only on a and n such that 

In VC„e 

(2.10) |O a \ D«| < -P-2 s InM /or a// s > M. 

Proo/. This theorem is obtained by iterating |G, Theorem 6.3.2]. Indeed, let «o := 
^ and let M = M(a / n) and p = po(#0/ n ) be the positive constants given by that 
theorem. By taking if necessary an even bigger constant, we can assume that M is 
large so that a - L/li M" ( ' +1) p° > 2a - 1 and the statement of [G, Theorem 6.3.2] 
holds for all A > M. We then begin the iteration with A = M and let a\ = a - M~ 2p ° . 
We get from (G] Theorem 6.3.2] that 



|Q ai \D^ 2 |< VC^|Q« \D^| 
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If A = M 2 and a 1 = a 1 - M" 3 f°, then 

|Q a2 \ DJI < VC^ |Q ai \ D^ 2 | < ( VC^) 2 |O« \ D*|. 
Continuing in this way we let a^-i = a^-i - M~ kpo = a - J^jZi M" (/+1)po and obtain 

|Q a ,_ 1 \D^ 1 |<(Vc^)' C " 1 IQ^DJI. 

Since by our choice of M, ctjt-i > «o - E£i M- ( ^' +1) p° > 2a - 1, it is easy to see that 
CWi \ D 2 ;, " 1 c Q %1 \ D^ 1 . Therefore, we have 

|Q a \D^| = |Q 2ao _ 1 \D 2 ;r 1 |<(Vc^f" 1 |Q ao \D^| for fc = l,2,... 

Now for each s > M, let us pick such that M k < s < M k+1 . Then D a Mk cD'c D^ t+1 
and A: < log M s < fc + 1. So 

1 a ^ sU (C n e) 2iVUej " (C n e) 2iVL " ej (C„e) 2 

□ 



3. L ESTIMATES FOR SECOND DERIVATIVES 

In this section we prove two density lemmas and then use them to prove a 
small power decay of [i(Q. a \ Gp(u, Q)) for /3 large. Observe that the density 
estimates established in IIGT1 are not good enough for our purpose since a different 
definition of the sets Gp{u) was introduced there. In IIGTI Definition 3.5] the 
"tangent paraboloid" is assumed to lie below or above u in a specific neighborhood 
depending on f} of the touching point. Such definition is not invariant under 
normalization and so not suitable for the acceleration process we consider later in 
Section HI In this paper, we employ a global definition, Definition 12 .61 and we are 
still able to obtain similar estimates as in IIGTI1 by modifying their arguments. For 
clarity, in the next subsection we give complete proofs of these estimates that are 
technically simpler than the ones in IIGTI . The following lemma is an extension 
of IIGTI Lemma 3.1] which allows us to work with strong solutions in PV 2 '"(Q) 
instead of classical solutions. 

Lemma 3.1. Let Q c R' ! be open and u,(p e W 2, "(Q) be such that detD 2 <^(x) > 0/or 
almost every x in Q. Let w = u + (p. Then for any Borel set E c Q, we have 



i r ,trace(o(x)D 2 w(x)) s + 

(3.11) Mw(E)<- ,\ n2 ,^ ' +n) 

n n J E nc v detD 2 cp(x) > 



1 rrace| )wii\\ )) ^ + 

det D 2 (p(x) dx 



where 0(x) is the matrix of cofactors ofD 2 (p(x) and C := {x e Q : w(x) = T(w)(x)} with 
T(w) is the convex envelope ofw in Q. 
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Proof. Notice that the Sobolev embedding theorem guarantees that functions in 
W 2 '"(Q) are continuous in Q. We first claim that 

detD 2 zt>(x)| dx for all Borel sets FcO. 



(3.12) 



Mw(F) < 



I 1 



It is well known that d3T2l) holds if w e C 2 (Q). For general w e W 2 '"(Q), let {w m } be 



he 
2,n , 



a sequence of functions in C (Q) converging to w in the sense ofWg'(Q). Let IT c Q 
be open and K c U be compact. Then K c IT n Q e for all e > sufficiently small, 
where Q e := {x e Q : dist(x,<9Q) > e}. Since Mw m {UC\Q. e ) < f | detD 2 zt> m (x)| dx, 
we get 



lim sup Mw m (U n Q e ) < lim sup I 

m— >oo m^>oo «JunQ f 



det D w m - det D w 



Jur 



dx + \ | det D 2 w| dx. 

UnQ e 



Since the first term on the right hand side is clearly zero and the measures Mw m 
converge to the measure Mw weakly, it follows by taking e > small enough that 
Mzv(K) < | detD 2 w| dx. Consequently, 



(3.13) 



Mw(U) 



det D 2 w(x)| dx 



by the regularity of the measure Mw. Because (|3.13|) is true for any open set 
U c Q, we once again use the regularity of the measures to infer that the claim 
CHI holds. 

Now let E C Q be an arbitrary Borel set. It is clear that dw(E) = dzv(E Pi C) and 
so by using (|3.12[) and the fact D 2 w(x) > for almost every x in C we obtain 

Mw(E) = Mw(E n C) < ( detD 2 w(x) dx 

and the estimate (|3.11|) follows by a calculation from IIGTi Lemma 3.1]. □ 

Throughout this paper we always work with strong solutions, in the Sobolev 
space PV 2 '"(Q), of the linearized Monge-Ampere equation. That is, the equation 
£§u = f in Q is interpreted in the almost everywhere sense in Q. 

3.1. Initial density estimates. 

Lemma 3.2. Let Ube a normalized convex domain and Qbe a bounded convex set such 
that U c Q. Let <p e C^Q) D W 2 '"(tZ) be a convex function satisfying A < detD 2 (p < A 

in U. Suppose u e C(Q) n W 2/ "(?i) n C l {U), <u <linQand £^u = f in U. Then 
for each e > there exists rj(e, n, A, A) > such that for any rj < rj(e, n, A, A), we have 



n(Gj_(u,Q) n SJx 0/ t j) > (1 - e)» - Cr]t ( \ 

V To ' X Js r 



f 



^detD 2 (p 



[dp)" 



\i{S^(xQ f t )) 



for all sections S^(xq, to) <e U. Here \i := M<p and C depends only on n, A and A. 
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Proof. Let T normalize the section S^(x , *o)- F° r V e T(Q), set 

$(y) = r\4>(^ 1 y)-<t>( x o)-V<t>( x o)-(T- 1 y-xo)-t \ and u(y) = u(T~ l y). 
o J 

We have that Q := TXS^Xo, ^o)) is normalized and <^ = on <9Q. Also, it follows 
from HGNl Lemma 2.3] that A' < detD 2 (p < A in Q, where A' and A depend only 
on n, A and A. By Lemma IZTl for each < a < 1 there exists r\(a) = rj(a,n,A,A) 
such that if y G Cl a , then S^(y, rj(a)) <s Q. Therefore if y G Cl a , then 

(3.14) 0(y) + V$(y) • (y - y) + 77(a) < for all yefl 

Define w a (y) = r\{a)u{y) + (p(y). Let y a be the convex envelope of w a in Q and 
C a = {y e Cl : w a {y) = y a (y), 

and 3 € y supporting hyperplane to y a at y with € y < in Q}. 

Claim 1. V^(Q a ) = V((^+r/(a))(Q 2 )cVa; a (C a ). 

To prove this claim, note first that (p+rj(a) > w a in Q and w a > on dCl. If y G Q a , 
then by (|3.14|) we know that the supporting plane z = (p(y) + V<£(y) • (y - y) + 77(a) 
to (f> + rj(a) at y has the property: z < on dCl. Therefore, if we slide it down, then 
it must become a supporting plane to w a at some point y* G Q (say i y >). Since 
z < in Q, so is t v - and hence y* eC fl . Thus V(^(y) G Vw a (C a ) as desired. 

Claim 2. C« c r(G~ (to7;(a)) (w, Q) n S^(x , t fj, for every < a < 1. 
Proof of Claim 2. Let y 6 C a . Then y = Tx for some x G S^Xo, t ) and 

(3.15) r](«)%) + ^(y)>%) Vy G ^(xo^o)) 

with equality at y = y, for some I affine with € < in TXS^Xo, £o))- As <p(x) = 
(p(x) + V(/)(x) • (x - x) + d(x, x) 2 in Q, we have 

$(y) = <My) + V<£(y) • (y - y) + f" 1 d^y, T^yf =: Uy) + d{P~ x y, P~ x yf 
for all y G T(Q). This together with (|3.15|) gives 

r/(a) %) > %) - ^(y) - ^y, T-'y) 2 =: g(y) Vy g T(S^(x , f )) 
with equality at y = y. Assume for a moment that 

(3.16) 0>g(y) for all j/eT(Q)\T(S^(%i )). 
Since u > in Q, we then obtain 

(3.17) r/(a)i%)>g(y) Vy g T(Q). 

To see <(3TT6> . let B := {y G T(Q) : g(y) > 0}. Note that y G B. Also B n 
dT(S^(x , t )) = because if y G <9T(S t|i (x , t Q )) then ^(y) < and so g(y) < 
-€ y (y) - t' 1 d(!T~ x y, P~ x y) 2 = -<ft(y) = 0. Moreover, B is connected as g is concave. 
Hence B c T(S<p(x , t )) implying (|3.16|) . 



INTERIOR SECOND DERIVATIVE ESTIMATES 



11 



Since i is a supporting hyperplane to r\(a) u(y) + <£(y) at y, and u,(p e C 1 (LT), it 
follows from d£T7b that 

u(y) > u(y) + V«(y) • (y - y) - — ^ dC^y, ^y) 2 , Vy e T(Q). 

Thus we have proved that 

C a c {y g T(S (x O/ i )) : fi(y) > u(y) + Vw(y) • (y - y) - — L-d^y, T~ l yf Vy e T(Q)} 

yielding Claim 2 because i/(y) = u(T _1 y). 

NowletO(y) := (D^y))" 1 det D 2 <£(y). Then as D 2 <£(y) = f~ 1 (T~ 1 ) f D 2 (/)(T _1 y) T" 1 
and D 2 w(y) = (T _1 y D 2 u(T~ 1 y) T" 1 , we get 

trace(0(y) D 2 S(y)) = trace^Cr^) DSi^y)) = in & 

Therefore by applying Lemma [3TT1 with Q w Q, u w q(a)u, (p (p, E = C a and 
using Claim 1 and the fact fg| det T| 2 « 1, we obtain 

Since C« c r(G- (foJ;(a)) (u,Q) n S^(x ,fo)) by Claim 2, det D 2 <£(y) = det D^T^y) 
and Q a = T(S^(x 0/ a;io))/ the above inequality implies 

detD 2 ^(x)dx < - LtuZu) + 1 detD ( P^ dx - 

We then infer from Minkowski's inequality and \i = M(p that 



c f n y ^ ( \ x 

T detD 2 (b dfi MV*o,to))« +ti(G 1/ma)) (u,Q)nS ( p(x 0/ t )y . 



C77(a)^ 



Note that this inequality holds for any r\ < rj(a). Given e > there exists a = 
a(e) sufficiently close to one such that (1 - e)p.(S ( p(xo,t )) < n(S(j,(xo,at )), which 
combined with the previous inequality yields the lemma for any r\ < i](a(e)). □ 

In the next lemma, we no longer require < u < 1 in Q as in Lemma [372] 



Lemma 3.3. Let Ube a normalized convex domain and Qbe a bounded convex set such 
that U c Q. Let (p e C 1 (Q) D Wf£(U) be a convex function satisfying A < det D 2 (p < A 

in U. Suppose u e C(Q) n Wj£(U) n C^U) is a solution of £<pu = f in U. Then for each 
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e > there exists r\(e, n, A, A) > such that if S^Xq, t ) <= U and S^{x , t ) n G y (u, Q) 
contains a point x with S^x, 6t ) m U, then we have 

\ n C f n if 

for all 7] < rj(e, n, A, A). Here \l := M(/) and = 6{n, A, A) > 1 is the engulfing constant 
given by jGj Theorem 3.3.7]. 

Proof. Let T normalize S^(x , fa), and for y G T(Q) we set 

1 1 
^(y) = r ^(^y) ~ ^( x o) ~ v< M*o) • (T _1 y - x ) - t 1 and fi(y) = — - u{T~ l y). 
to L J £Uto 

It follows that Q := T{S^{xo, t )) is normalized, § = on <9Q and A' < detD 2 <^> < A' 
in Q, where A' and A' depend only on n, A and A. 

Let x G S(p(x , t ) n G y (u, Q) be such that S^(x, dt ) d U, and define y = Tx. Then 
—y d(x, x) 2 < u(x) - u(x) - Vu(x) -(x—x) < y d(x, x) 2 for all x in Q. Hence by changing 
variables we get 

^r-VT^y) 2 diT^yJ^y) 2 
(3-18) -y * * } < u(y)-u(y)-Vu(y)iy-y) < y * ^ , Vy G T(Q). 

Since x G S^(xo,io), we have S<p(xo,to) c S^(x, 0fo) by the engulfing property. So, 
if x G S^Xo/^o)/ then d(x,x) 2 < 6t , and consequently d(T~ l y,T~ l y) 2 < 6t for all 
y G T(S^,(xo, fo))- This together with (|3.18|) gives 

y y 
-- < w(y) - u(y) - Vu(y) • (y- y) < - in Q. 

Hence if f(y) := — [w(y) - w(y) - Vtl(y) • (y - y) + |1 for y G T(Q), then < f < 1 in 
Q. 

Let < a < 1. There exists 77(a) = 77(01, n, A, A) > such that if y G Q a , then 
(3.19) <£(y) + V0(y) • (y - y) + r/(a)(e + ^) < 0, for all y eR 

Define w a (y) = t](a)v(y) + <ft(y). Let y a be the convex envelope of w a in Q, and 
C a = jy G Q : w a (y) = y a (y), and 3 I supporting hyperplane to y a at y, 

with £ < -7/(a)(0 - -) in □}. 

Claim 1. V^(Q„) = V(<£ + i](a))(Cl a ) c Vw fl (C«). 

The proof of this is similar to that of Claim 1 in Lemma [372l 

Claim 2. C c T (G^ /Jl(fl) (u, Q ) n St f>( x °' to ^) for ever y < a K L 
Proof of Claim 2. Let y G C a . There exists I affine such that r\{a)v{y) + <ft(y) > €{y) 
for all y G T(S^(xo,fo))/ and with equality at y = y, and t < -rj(a)(6 - 1/2) 
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in TiS^XoJo))- Since #(y) = £ 9 (y) + - d^yj^yf Vy G T(Q) where £ 9 (y) := 

to 

<^(y) + V<^>(y) • (y - y), we then have 

(3.20) t]{a)v{y) > £(y) - £ 9 (y) - \ d{T~ l y, T^yf =: g(y) Vy G T(S^(x , to)) 

to 



u(y) > ti(y) + Vu(y) ■ (y - y) - -^r ^y) 2 Vy e T(Q). 



with equality at y = y. Our goal z's to extend (|3.20[) to f/ze sef T(Q). We claim that 

77(a) / diT^yJ^yfX 

(3.21) g(y) < JLi h _ ^_ ^ Vy g T(Q) \ r(S^(x , 1 )). 

Assume this claim for a moment. Notice that from (|3.18|) we have that 

(3.22) Tj( g )p(y) > 1 1 ~ * g ^ 1 Vy G T(Q), 

and therefore <(3T20|) holds for all y G T(Q). Using (f3T20|> . the fact g(y) = 77(a)u(y) + 

1 

77(a) Vy(y) • (y - y) d(J~ l y, T _1 y) 2 and the definition of v, we obtain 

in ■ \y - m - - ' 

to 

Thus we have shown that 

C a (Z {ye TiS^xo, t )) : u(y) > u(y) + Vfi(y) • (y - y) - d{T~ l y, T~ l yf Vy e T(Q)} 

r 77(aj 

= Tlx g SAxq, t ) : u(x) > u(x) + Vu(x) ■ (x-x) d(x,x) 2 Vx g q} 

1 1 77(a) 1 

= T(Gr Wy {u, Q) n S^xq, t )). 

i)(a) 

So Claim 2 holds as long as (|3.21[) is proved. Observe that (|3.21[) is equivalent to 

f 77(a) / diT^yJ^yfW 

(3.23) B := |y G T(Q) : g(y) > ( 1 - ^ y ' J J c T^Xo, f ))- 

Since r\(a)l26 < 1, we have that the function 

-«(y) + — (1 ^ ) 

= -Ay) + ^ + + m) ■ <y - S>] + (1 - *y) 

is convex and hence B is connected. Moreover, y G B n T(S^(xo, ^o)) by (|3.22[) and 
since g(y) = 77(a)z;(y). Thus, (|3.23[) will follow if 

(3.24) B n dT(S^x 0f t )) = 0. 
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1 

Recall thate < -r}(a)(6-l/2)inT(SJx ,to)) / an.d£y(y)+- diT^yJ^yf = $(y) = 

on dT(Stp(xo,to)). In addition, dCT^y, T _1 y) 2 < 0f o in T(S^(xo/^o)) since S^>(xo, *o) c 
S^,(x, 0io)- Therefore, if y e <9T(S^(xo/ ^o)) then 

-«(y) + — (i ^ ) 

1 , , , 77(a) / d(T- l y,T- x y) z \ , U 

= -£{y) + €y{y) + - d^y, T~'y) 2 + 1 1 - — ^ — —J > t/(«)(0 - |) > 0, 

and hence (|3.24|) holds as desired. This completes the proof of (|3.21|) , and so 
Claim 2 is proved. 

The lemma now follows by applying Lemma 13.11 with Q Q, u ^ rj(a)v, 
<ft ™* <ft, E = C a and using Claim 1 and Claim 2. The detailed calculations are the 
same as those in Lemma [3721 □ 

3.2. Initial power decay for the linearized Monge-Ampere equation. We next 
use Lemma [3721 and Lemma l373~l to derive a small power decay estimate. To achieve 
this, the covering result proved in |CG2] is essential. 

Proposition 3.4. Let U be a normalized convex domain and Q be a bounded convex 
set such that U c Q. Let (ft € C^Q) n Wj*(U) be a convex function satisfying A < 
det D 2 (p < A in U and cp = on dll. Suppose u e C(Q) n Wj^(li) n C^U), |w| < 1 in 
Q anrf £§u = f inU with \\f/ detD 2 ^!^^,) < 1. Then for any < a < 1, there exist 
C, t > depending only on a, n, A and A smc/i f/zaf 

C 

;u(Lr a \ Gp(u, □)) < — for all ft large, 



where U a is defined as in (|2.6[) . 

Proof. Let < e < 1 /2 and r\{e, n, A, A) be the smallest of the constants in Lemma l372l 
and Lemma|37J Next fix < rj < t](e, n, A, A) small so that [(1 - e) 1/n - Ct]]" >l-2e, 

u + 1 — u + 1 

where C = C(n, A, A). Applying Lemma 13.21 to the functions and , 

and noticing that G^( H ^-, Q) = G~ N (u, Q) and G~ (^r^-) = G+ N (u, Q), we obtain 
^(S^xo, t ) n G~ lnto {u, Q)) > [(1 - e) 1/n - Crj] p.{s^(x , t )) > (1 - 2e) ^(S^Xq, to)), 
^(xo, t ) n G+ /nh (u, □)) > [(1 - e) 1/n - CriJ ^(x , t )) > (1 - 2e) ^(x , t )) 

for any S<p(xo, t Q ) <s U. Taking M := 20/7], it then follows that 

fi{s^(x 0l t ) \ G M /et (u,Q)) < ii{s^(x ,t ) \ G^ /0fo (u,Q)) + pfs^Xo, k) \ G^ /0fo (u,Q)) 

< 4e j u(S0(x o , *o)) 

as long as S^Xq, t ) <s U. 
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Set a := Assume a 2 < <X\ < a are such that there exist r/ 2 < r\\ with the 
property: if x £ U a2 and t < r\ 2 then S^x, t) c U ai ; and if x £ U ai and t < r\\ then 
S<^(x, t) c li ao . Let h>l/t]o satisfy 1/dh < r\ 2 . For x £ U a2 \ Gh M {u, Q), define 

li[{U a2 \ G hM (u, Q)) n S^(x , 0) 

* (f):= f>a 

We have lim f ^ g(t) = 1- Also, if l/6h < t < r\\, then S^Xq, t) c U ao and 

Li((U a2 \ G hM (u,Q)) n S^(x ,t)) < fiiS^XoA) \ G hM (u,Cl)) 

< n(S^(x ,t) \ G M /et(u,Q)) < 4eju(S^(ar 0/ 0)/ 

since G M /et(u, O) c G/, M (u, Q). Therefore g(t) < 4e for f £ [l/dh,r]i) and so by 
continuity of g, there exists t Xo <l/6h satisfying g(t Xo ) = Ae. Thus, we have shown 
that for any x £ U a2 \ GhM(u, O) there is t Xo <l/dh such that 

(3.25) ^{{Ua 2 \ G hM {u, Q)) n S^Xq, t x Jj = 4e ^(S^(x , f* )). 
We now claim that (|3.25|) implies 

(3.26) S^x Ao) c (U ai \ G h (u,0)) U {x £ U ao : M,{{f I &eW 2 §) n ){x) > {2Gnh) n \ 

Otherwise, and since x e U a2 and f Xo < < r\ 2 , we have S^(x , t Xo ) c LT ai 

and there exists x £ S^(x , f* ) n G h (u, Q) such that M fl ((f/ detD 2 (p) n )(x) < {Idnhf. 
Note also that S^x, 0f Xo ) d U as x £ ii ao and dt < 1/h < r/ - Then by Lemma l33l 
applied to u and —u and by our choice of rj, we obtain 

(1 - 2e) ^(S^xo, f^)) < i u(S t?) (xo, f* ) n G" M (u, Q)), 
(1 - 2e) fi(S^(x , f^)) < ^(S^Xo, f* ) n G^ M (w, Q)). 

Hence 

^((LT a2 \ GjjmCm, □)) n S^xo, f* )) < ^(S^(x 0/ t Xo ) \ G hM (u, Q)) < 4e J u(S^(x , f* )), 

a contradiction with (|3.25|) . So (|3.26|) is proved and we can apply the covering 
result O Theorem 6.3.3] to conclude that 

(3.27) n{U az \G m {u,0)) 

< 2 Ve \ G fe (M, Q)) + f i{x £ LT„ : M,((// detD 2 ^)" )(x) > (26>n/z)"}] , 

as long as a 2 < U\ < «o are such that r/2 < r\\, and > 1/r/o satisfy 1/0^ < r/2- 
For k £ N, set 

:= ^(IT^Gm^Q)) and := ^{x £ U ag : M,((f/ detD 2 (/))")(x) > (20nM fc )"}, 

where ctjt will be defined inductively in the sequel. First fix a\ so that 2a - 1 < 
«i < a and take r\\ := C (a -a.\) y , where C and y are the constants in Lemma IZil 
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Let h = M, and set a 2 = a t - (C J M)V} , ■ Then ^ = m = C («i - a 2 ) r =: 1] 2 , and so 
from Lemma IZTJ and (|3.27[) we get 

a 2 < 2 yje{ai + hi). 

Next let h=M 2 and a 3 = a 2 - j^eMW' so lk = C o^ 2 ~ =: fa- 

a 3 < 2 Ve(«2 + b 2 ). 

Continuing in this way we let h = M k and a k +i = (Xi - jc^kyrp- Then ^ = 
C («/ c - #/c+iF =: r\k, and ajt+i ^ 2 V^( fl fc + These imply that 

k 

a k+1 <(2^) k a 1 + Y J (2^f +1) -%. 

i=l 

On the other hand, a k+1 = a x - E/=i (Co eMi)Vr - ai ~ (c ly/r m^-i - 2a o ~ 1 b Y 
choosing i] even smaller depending on a (recall that M = 26 /r]). Therefore, we 
obtain 

k 

li(U 2ao ^ \ G M k+i (u, Q)) < Li(U ak+1 \ G M k+i (u, Q)) < (2 ^efa, + £ (2 
for all A: = 1, 2, . . . Moreover, 



h< 



^ /jd^rw^ c( ^ A ' A)M " 



because Af^, is of weak type 1-1 (see HGTl Theorem 2.9]). Thus, by setting 
mo := max{2 y/e,M~ n } we then have 

p(U 2ao -i \ G M k + i{u,Q)) < m\a x + Ckm k +1 < C(e, n, A,A)m k +1 (l + k). 

Writing ui\ = yjm~Q~ and since m < 1, we conclude that m k+1 (1 + k) < C'(m )m k+1 
and so ^(li^-i \ G Mk+ i(u, Q)) < C m'{ +1 . Now for any /3 > M 2 , pick k £ N such that 
M fc+1 < j8 < M k+1 , then + 1 < log Mj 6 < k + 2 and 

^(U fl \ G^u, Q)) = ^(1/200-1 \ G^(u, Q)) 

< f i(^ 2ao -i \ G M * +1 (w,Q)) < Cm* +1 < ^]S l0SMmi . 

□ 

4. L P ESTIMATES FOR SECOND DERIVATIVES 

We established in Proposition 13 .41 that 

n(u a \Gp(u,a))<cp- T 

when A < det D 2 cp < A. This power decay estimate is very poor as t > is small. 
However, we will demonstrate in this section that x can be taken to be any finite 
number provided that det D 2 (p is sufficiently close to the constant 1 in L°° norm. 
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In order to perform this acceleration process, the following approximation lemma 
is crucial. This lemma is a variant of MGNl Lemma 4.1] and allows us to compare 
explicitly two solutions originating from two different linearized Monge- Ampere 
equations. We assume below that <p, w e C(U) are convex functions satisfying 
\ < detD 2 (p < |, detD 2 w = 1 in U and <p = w = on dU. Also the matrices of 
cofactors of D 2 cp and D 2 w are denoted by O and W respectively. 

Lemma 4.1. Let Ubea normalized convex domain and u e W^"(U) n C(U) be a solution 

ofQjjDjjii = f inU with \u\ < 1 in U. Assume < a.\ < 1 and h e W^"(U ai ) n C(LT ai ) 
is a solution of 

WijDijh =0 in U ai 

h = u on dU ai . 

Then there exists y e (0, 1) depending only on n such that for any < «2 < oi\, we have 
l|H-^llL»(u fl ,) + ll/-trace([0-W]D 2 ^)|| L „ (Ua2) < C(a v a z ,n) {||0 - WH^ + ||/|b (u) } 

provided that ||0 - W|| L « (U ) < [pti - a 2 ) TTUrT » '. 
Proof. Let < a < ot\. We first claim that 

(4.28) b\ := c n (a\ - af < dist(x,^JJ ai ) < 2nmin{l,« _1 (ai - a)) =: 5 2 Vx G dll a . 

To prove (|4.28|) , let x be the minimum point of <p in U. Then U a = S^(x / -<x<ft(xo)), 
U ai = S,p(x , -ai<p(x )), and Q(n) < \(p(x )\ < C 2 (n) by [G] Proposition 3.2.3]. For 
any x £ dll a , by applying Aleksandrov's estimate (see |G, Theorem 1.4.2]) to the 
function (p := (p - (1 - a\)(p(x ) we get dist(x,dU ai ) 1/n > C„|<^>(x)| = C„(a - ai)(p(x ) 
yielding the first inequality in (|4.28|) . For the second inequality, let x G dll a and 
choose y be such that x = (1 - j-)xq + ^jf-y. Then y LT ai since whenever y £ ii 
we have (1 - ai)0(*o) ^ 0(y) as I 1 ~ «)^( x o) = ^ ~ £)<K*o) + f^iy) by the 
convexity of <p. Therefore, we infer that dist(x,dll ai ) < |y - x\ = - l)|x - Xol < 
2n(^- - 1) which gives the desired result. 

By Caffarelli-Gutierrez interior Holder estimates (see MGNI estimate (2.2) and 
Corollary 2.6]) there exists /3 e (0, 1) depending only on n such that 

(4.29) \\u\\c?(u ai ) ^ C(«x,n)(l + ||/|b (U) ). 

Next notice that Pogorelov's estimates imply that A(«i, n)I < W < A(«x, n)I in U ai . 
Therefore, by using standard boundary Holder estimates for linear uniformly 
elliptic equations (see IIGiTi Corollary 9.29] and HCCi Proposition 4.13]) and (|4.29|) , 
we obtain 



(4.30) \\h\\ c m { u ai) < C'(a lf n)\\u\y mn) < C{a lf n)(l + ||/lb ( u)). 
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Now for any x £ dll a , by (|4.28|) we can take y e dU ai such that \x - y| < <5 2 . Then 
since u - = on we get from (14.291) and (14.301) that 

|(u - h)(x)\ = \(u - h)(x) - (u - h)(y)\ < \u(x) - u(y)\ + \h(x) - h(y)\ 
<C(a lf n)4 /2 (l + \\f\\ L n (u) ). 

That is, 

(4.31) \\u - h\\ L - idUa) < C(a lt n) sf (l + ||/|b (u) ). 
We claim that 

(4.32) l|D 2 /z|b> (Ua) < C(a lf n) 2 (l + ||/|b (u) ). 

Indeed, let x e U a be arbitrary and take X\ e <9B 6l / 2 (x ). Since B 6l / 2 (x ) d U ai by 
(|4.28|) and W.-.D.-.Ch - h(xi )) = WjjDjjh = in U au we can apply interior C 2 -estimates 
(see IIGNl Theorem 2.7]) to h - h{x\) in B 6l/2 (xo) and obtain 

||D 2 ^(x )|| < C(a lr n)5- 2 sup |fc - /z(xx)| < C(a lf n) 6" 2 6f (l + ||/|b (u) ) 

B5 1 /2( :t: o) 

giving @32j. 

Observe that u-h e W 2,n (U) is a solution of 

OiPij(u -h)=f- %Dijh = f- [<D iy - WiJDijh =: F in U av 

Hence if we let e := ||0 - W|| L « ([ia ), then it follows from the ABP estimate (see HGNl 
Theorem 2.4]), d43T1) and (141521 that 

ll« - klb>(u a ) + llf IIl"(u„) < II" - h\\i"(du a ) + C„||F|| In(Uai) 

< Mm - h\y (dUa) + C n \\D 2 h\\ L ~ (Ua) \\® - W|| L n (Uai) + C n ||/|| L n (Uai) 

< C(a lt n)[a^ 2 ((Xi ~ af 1 + (a, - «)" ( ^ 2) e](l + ||/|b (u) ) + C n 

2 

By taking a := a\ — e 4n < n - v >P, this yields 

ll« - h\\ L ~ (Ua) + \\F\\mu a ) < C{a lr n){a-V 2 + l)e^(l + ||/|b (U )) + C n 



L»(U). 



L«(U) 

2* 



with y := 4 „_ ( „_ 1 ) <3 • From this we deduce the lemma as e < («i - a 2 ) 1+(n " 1) ' / by the 
assumption. □ 

4.1. Improved density estimates. In this subsection we will use Lemma 14.11 to 
improve the power decay of [i(U a \ Gp(u, Q)). To this end, the next lemma plays 
an important role. 

Lemma 4.2. Let < e < 1/2, < ao < 1, U be a normalized convex domain and Q be 
a bounded convex set such that U c Q. Let <p e C 1 (Q) n PV 2, "(U) be a convex function 

satisfying 1 - e < det D 2 (p < 1+ein Uandcp = OondU. Suppose u e C(Q)n W 2 £(U)n 
C^tT) is a solution of Ji^u = f inU with \u\ < 1 in U and \u(x)\ < C*d(x,x ) 2 in Q.\U 
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for some x G U ao . Then for any < a < a , there exist C, t > depending only on a, 
a.Q and n such that 

\G N (u,Q) n U a \ >{l- C(N~ T 51 + e)} \U a \ 

In 

for any N >N - No(a,a ,C,n) and provided that ||0-W|| L h ( u } < ((l-« )/4) 1+( "- 1) ''. 
Here W, y are from Lemma Wl\ and 

6 :=(£ ||0-W||' ! dx)" + (£\f\ n dxf. 



Proof Let h e W 2 '*(lL 0+ i) n C(lL 0+ i) be the solution of 

WijDijh = in LL 0+ i 

2 

h = u on dllag+i. 

2 

By the interior C 1,1 regularity of /z and Lemma |4~T1 we have 

(4.33) ||/z|lcw ( u 3ao+1 ) < c e (a , n)\\u\\ L ^u ao+ i) ^ c e(^o, «), 

T~ 2 

(4.34) \\u - fc||L»(u 3ao+1 ) + 11/ - trace([0 - W]D 2 /i)lb ( u 3ao+1 ) < C(a ,n) 5 =: 6^. 

4 4 

We now consider /i| u and then extend outside LT^o+i continuously such that 

f /z(x) = u(x) Vx g Q \ ILq+i, 
1 ll« - h\\ L ^ Q) = \\u - ^|| L »(u ( 3„ o+1)/4) . 
Since by the maximum principle PHl»(u 3 « 0+1 ) < IMIi°°(iz) < L we then obtain that 

4" 

(4.35) u(x) - 2 < /z(x) < u(x) + 2 for all x e Q. 
We claim that if N > N := N («, «o, «)/ then 

(4.36) lT a nA 0(a) cG N (/z,Q) 

where cr(a) > is the constant given by |(G] Theorem 6.1.1] and 

A a(a) := \x e U : (p(x) > (p(x) + V(p(x) • (x - x) + \x - x\ 2 , Vx e III . 



Indeed, let x e U a n A a(a) c il« . By (14.33b we have |/i(x) - [/i(x) + V7i(x) • (x - x)]| < 

j(a) 



c e (« / w)|x - x| 2 for all x G U^i, and since x G A a i a \ 



(4.37) d(x, x) 2 = (p(x) - [(p(x) + V(p(x) ■ (x - x)] > ^p|x - x| 2 Vx G U. 
Therefore 

(4.38) \h(x) - [h(x) + Vh(x) • (x - x)]| < 2Cg(a °' n) d{x, X) 2 Vx e U 3 « 0+ i . 
1 1 o(a) —r- 
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We next show that by increasing the constant on the right hand side of (|4.38|) , that 
the resulting inequality holds for all x in Q. To see this, observe that 

(4.39) d(x, Xq) 1 = d(x, x) 2 + [(p(x) - (p(x Q ) - V(p(x ) ■ (x - x )] 

+ [V(p(x) - V(p(x )] -(x-x) 
< d(x, x) 2 + C(«o/ n) (1 + \x - x\) for all x 6 Q. 
Also there exists c(a, n) > such that 

(4.40) d(x, x) 1 > c(a, n)\x-x\ Vx e Q \ U. 

Notice that dist(U a ,dU) > c n (l-a) n by the Aleksan drov e stimate El Theorem 1.4.2] 
and jGj. Proposition 3.2.3]. Thus it follows from (|4.37|) and the fact x e U a that 

there is c = c(a, n) > so that (|4.40|) holds for all x e dll. Now f or x £ Q \ U 
we can choose £ £ dll and A G (0, 1) satisfying x = Ax + (1 - A)x. Then since 
d(x, x) 2 > c\x - x\ and the function z i-> d(z, x) 2 is convex, we obtain 

Ad(x,x) 2 + (1 - A)d(x,x) 2 > c\Ax + (1 - A)x -x\ = cA\x - x\ 

which gives d(x,x) 2 > c\x - x\ and hence (|4.40|) is proved. 

We are ready to show that (|4.38|) holds for all x e Q but with a bigger constant 

on the right hand side. Let x 6 Q \ 1/300+1 and consider the following cases: 

4 

Case 1: x £ U. Then by using (|4.33|) , (|4.35|) and the assumption |m| < 1 in U, we 
have 

|/z(x) - [h(x) + Vh(x) ■ (x - x)]\ < \h(x) - h(x)\ + C(a ,n) < \u(x) - u{x)\ + C(a ,n) 

< C(a Q ,n) < Ci(a ,n)d(x,x) 2 

where in the last inequality we have used the fact that since x £ U a c U ao there 

exists T7(«o) > such that S<p(x, r](ao)) c 1/300+1 (see Lemma IZl). 

4 

Case 2: x e Q \ U. Then d(x,x) 2 > t]q since S^x, 770) <s L/ by Lemma IZll This 
together with the assumptions, (14.33[) , (I4.35|> . (I4.39|) and (I4.40|) gives 

|/i(x) - [/z(x) + V7z(x) • (x - x)]\ < \h(x) - h(x)\ + C(a ,n)\x - x\ 

< \u(x)\ + C(«o/ n) (\x -x\ + l) <C* d(x, x ) 2 + C(ao, n) (\x - x\ + 1) 

< C* d(x, x) 2 + C(a , n) {\x - x\ + 1) < C 2 {a, a , C , n) d(x, x) 2 . 
Therefore if we choose 

■2 c e {a ,n ) 
o{a) 

then it follows from the above considerations and (|4.38|) that 

\h{x) - [h(x) + Vh(x) • (x - x)]\ < N d(x,x) 2 for all x e Q. 



<2c e (a ,n) i 
N := max — — , Ci{a , n), C 2 {a, a , C ,n)\, 



This means x £ G?q {h, Q) c G^{h, Q) for all N > No- Thus claim (|4.36|) is proved. 
Next let 

(u-h)(x) 
u w := r, / i° r x e 

On 
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We infer from (|4.34|) and the way h was initially defined and extended that 
1 

\\u ||i»(Q) = tjIIm - h\\ L ~( U ) < 1, 

Zju' = hj^u - L$i\ = i[/ - trace([0 - W]D 2 /i)] =: /'(x) in U^i. 

Notice that ||/'||l«(u 3 „ +1 ) < 1 by (|4.34[) . In order to apply Proposition 13.41 let T be an 
invertible affine map normalizing Lf 3« +i . We have C(n) < | detT| < C'(n) because 

\detT\- 2 ' n « \U 3 « 0+ i\ 2 ! n « 222±l|minud)| « 1. Set ft := r(lWi), Q := T(Q) and 

4 4 

define 



fty) = I det if " U(T-V) - (l - ^^)mjn< 



u(y) = u'(T 1 y) for y e Q. 



4 / u 

Then 1 - e < detD 2 (p = det D 2 ^(T _1 y) < 1 + e in ft and <^ = 0on <9ft. Moreover 
since O(y) = | detTf 2/ " det D^T^y) r[D 2 0(r- 1 y)]- 1 r t , we obtain 

trace(o(y)D 2 %)) = \detT\^trace(^(T- 1 y)D 2 u'(r 1 y)) = \detT\*f'(T 1 y) =: /(y) 

in ft. Thus as $ e C 1 ^) n W 2 '"(ft), u e C(Q) n W 2 '"(ft) n C^ft), ||u|| L - (fl) = 

\\u'\\ L «> ia) < 1 and \\f% n{Q) = \detT\-V n \\f\\ L n iU3ao+l) < IdetTI" 1 /" < C n ,we can apply 

4 

Proposition 13.41 to get 

(4.41) \ G f|detT| .(u,Q)| < C(a,Oo,n)(|)\ 
where t > depends only on a, «o and n. Since ft 4« = T(U a ) and 

3«q+1 

d(Tx, Tx) 2 = $(Tx) - <p(Tx) - <V#(T*), Tx - Tx> = | det T|» d(x, x) 2 Vx, x e Q, 
we have 

(4.42) G P (u, Q) n ft 4„ 

" 3a'Q+l 

= r jx e ft, : |fi(y) - [u(Tx) + <Vu(Tx), y - Tx)]| < /Srf(y, Tx) 2 Vy e T(Q)J 
= t{x g ft, : |u'(x) - [u'(x) + (V«'(x),x- x)]| < detT|"d(x,x) 2 Vx G □} 

= T (Sde t r,l(^ n ) n ^)- 
It follows from dOI) , (pB) and the fact T(A) \ T(B) = T(A \ B) that 

\U a \ Gn (u' f Q)| < C(a,a ,n)^j . 

As Gn_(u', Q) = G N (w - fo, Q) and |U a | > c„a" /2 , we then conclude 

lft*l - |G n (k - fc,Q) n U a | = |U a \ G N (u - /i,Q)| < c(^j |ft v | 



22 



C. E. GUTIERREZ AND T. NGUYEN 



yielding 



\U a \ < \G N (u-h,Q)nU a \ 



< \G N (u -h,Q)nU a n A a{a) \ + \U a \ A a(a) \ 

< \G N (u - h, Q) n U a n A a{a) \ + C(a, n) e \U a \, 
where the last inequality is from [G] Theorem 6.1.1]. Consequently, 

(4.43) |G N (i/-^Q)nL7 a nA a(a) |>[l-C[(^) T + e]} \U a \. 
We claim that 

(4.44) G N (u -h,a)nU a n A a(a) c G 2N (u, O) n U a 

which together with (|4.43|) gives the conclusion of the lemma. To prove the claim, 
let x G G N (u - h, Q) n U a n A a{a) . Then x G G N (u - h,Q) n G N (/i,Q) by (|4.36|) . 
Therefore (|4.44[) holds because 

\u(x) - [u(x) + (Vu(x),x - x)]\ 

< \(u - h)(x) - [(u - h){x) + (V(u - h){x),x- x)]\ + \h(x) - [h(x) + (Vh(x),x- x)]\ 

< 2Nd(x, xf for all x e Q. 

This completes the proof of the lemma. □ 

By using Lemma l4~2l and a localization process, we shall prove the following. 

Lemma 4.3. Let < e < 1, < a < 1, Q be a normalized convex domain and 
u e W 2, "(Q) n C 1 (D) be a solution of^u = f in Q with |MIl»(q) < 1, where <p e C(Q) 
is a convex function satisfying <p = on dCl. There exists e > depending only on e 0/ a 
and n such that ifl—e< detD 2 (p < 1 + e in Q, then for any S,p(x , c Q«o+i we have 



(4.45) 



Gn(u, Q) n SJx , t ) 



><l-e 



c(-) T 



\f\ n dxf\ \S^(x ,t )\ 



for every N > N . Here C, t and N are positive constants depending only on a and n. 

Proof. Observe that in fact <p G C 1 (Q). As e will be chosen small, we also 
have 6 G W 2 '"(Q 1!2 +i) by Caffarelli W 2 'P estimates (see [C3, Theorem 1] and 

2 

||Gl Theorem 6.4.1]). Let T be an affine map normalizing S^Xo, ^) and let 
U := Tfs^xo, ^)). For each y G T(Q), define 

0(y) = | detT| 2/ " U{T- X y) - (f)(x ) - V(f>(x ) ■ (T^y - x ) - and u(y) = u^y). 

L OiQ J 

Then 1 - e < det D 2 cp = &etD 2 (p{T- l y) < 1 + e in U and <^ = 0on dll. Moreover 
trace(o(y)D 2 %)) = | detTl^trace^r-V)^ 2 !/^-^)) = I de\T\^ f{T~ l y) =: f(y). 
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Thus as P|| l «(t(q)) = IMIl°°(o) ^ 1/ we obtain from Lemma [4721 with a := a that 
\G N (ii, T(Q)) n UJ >{l- C(N-'51 + e)} \U aoi 



< ((1 - « )/4)^ 



— 



for any N > No - No(ao, n) and provided that ||0 - W||l»(u„ +1 ) 
where 

(4.46) So := ( f ||0 - WH" dyf + ( f 1/1" dyf, 

Ju aQ+ i Ju 

y is given by Lemma 14.11 and W is the cofactor matrix of D 2 w with w is the 
convex function satisfying det D 2 w = 1 in U and w = on dll. This together with 
Lemma l4~4l below implies that there exists e > sufficiently small depending only 
on 6q, «o and n such that 



|G N (u,r(Q))niu>a-eo-CAr 



i£\f\ n dyf 



1 - e - CAT T | det T| 



l-e -CU) T (f Iff dxf \ \U ao \. 

But since lT ao = T(S<p (xq, to)), the same calculations leading to (|4.42[) yield 
G N (fi,T(Q)) n LT ao = t(g s (u,Q) n S^xoJo)) * t(Gn(«,Q) n S^(x ,io))- 



Therefore we obtain 

|t(G|(u,Q) n S^(x ,fo))| > < 1 - e - C(^) T 



|/| n rfx)H |T(S^(x 0/ i ))| 



□ 



giving (|4.45|) for any N > N . 

In the above proof, we have used the following lemma which is a strengthen 
version of Lemma 3.5 in ||GN|1 . This result is proved by using a compactness 
argument and |GNi Lemma 3.5]. 

Lemma 4.4. Given any < e < 1 and < a < 1, there exists e > depending only 
on Cq, a and n such that i/QcR" is a normalized convex domain and <p, w e C(Q) are 
convex functions satisfying 



1 - e< det D 2 (p< 1+e in Q 



0=0 



on <9Q 



and 



detD 2 w=l in Q 
w= on dCl, 



then 



W® - W|b (Qa) < e 0/ 
wfoere Q a := (x G D : <p(x) < (1 - a) mino 0}. 
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Proof. Suppose by contradiction that it is not true. Then there exist e 0/ a G (0, 1), 
n G N, a sequence of normalized convex domains Q ,c and sequences of convex 
functions (pk, Wk e C(D, k ) with 

f 1 - ±<detD 2 <^< 1 + \ in ( detDV= 1 in Q ,c 

\ <p k =0 on dQ k \ w k =0 on dQ k 

such that 

(4.47) \m-W k \\L»(ni)>eo for all k. 

By Blaschke selection theorem, there is a subsequence of Q k , still denoted by Q^, 
such that converges in the Hausdorff metric to a normalized convex domain 
Q. Also by (Gj, Lemma 5.3.1] we have up to a subsequence <pk — > <p and w k — > w 
uniformly on compact subsets of Q, where (p, iv G C(Q) are both convex solutions 
to the equation 

|detD 2 w=l in Q, 
1 w= on <9Q. 

Thus <p = w by the uniqueness of convex solutions to the Monge- Ampere equation. 

Next observe that the Aleksandrov estimate [G] Theorem 1.4.2] and (Gl Proposition 3.2.3] 
yield 

(4.48) dist(Q*, ^Q ,c ) > c„(l - af =: x VJfc. 

For E c R", let E(r) := {x G E : dist(x,dE) > r} and 5 r (E) := {x G R" : dist(x,£) < r}. 
We then claim that 

(4.49) Q k a c Q(t/2) c Q(t/4) c Q ,c for all Jfc sufficiently large. 

Indeed, it follows from (|4.48|) that c D k (z). Moreover since Q ,c -> Q in the 
Hausdorff metric, we have c 6i(0) for all k large (see |Sc] for the definition 
of the Hausdorff distance). Therefore, Q k a c 6|(Q)(t) = Q(t/2) giving the first 
inclusion in (|4.49|) . We also infer from the Hausdorff convergence of to Q that 
Q c 6|(Q fc ) for all k large. This implies Q(t/4) c 6|(Q J: )(t/4) = and the last 
inclusion in (|4.49|) is proved. 

By dUD and llGNl Lemma 3.5] we get <J\ — > O in L"(Q(t/2)) and Wjt — > W in 
L' ! (Q(t/2)), where O is the cof actor matrix of D 2 <p and W is the cof actor matrix of 
D 2 w. Since O = W, t his yi elds O k - W, c — > in L n (Q(x/2)). Combining this with 
the first inclusion in (|4.49|) we obtain 

lim ||<&jt - WiklW) = 0, 



which is a contradiction with (|4.47[) and the proof is complete. □ 

In the next lemma, we no longer require ||m||l°°(q) < 1 as in Lemma |43l 

Lemma 4.5. Let < eo < 1, < cto < 1, O be a normalized convex domain and 
u g W ; 2 o '"(Q) n C 1 (Q) be a solution of £§u = / in Q, where (p g C(Q) is a convex function 
satisfying (p = on dd. There exists e > depending only on e 0/ a and n such that 
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ifl-e < det D 2 (p < 1 + e in Q, then for any S^(x ,t ) c Q ao with t < rj(a ) and 
S(p(x , t ) n G y (u, Q) + we /zaue 

|G Ny ( M/ Q) n S^(x , f )| > J 1 - e - C(Ny)- T ( f |/| n d*) s 1 ^(xq, f )| 

/or flZZ N > Nq. Here T](a ), C, % and N are constants depending only on a and n. 

Proof. Let 8 > 1 be the engulfing constant corresponding to 1/2 < detD 2 cp < 3/2 
in Q and so 6 depends only on the dimension n. By Lemma 12.11 there exists 
r/(«o) = T](ao,n) > such that S$(x, c Q«o+i for all x G Q rt0 and t < r/(«o)- We 

note that (6 G C 1 (Q) D W 2 ' w (Qa +i) as explained in the proof of Lemma |4~3l 

2 

Let T normalize S^(xo, ^) and IT := t(s^(x , For each y G T(Q), set 

2 f 1 

$(y) = | det T|« (/)(T^y) - <H*o) - (V(£(x ), T~ x y - x > - — 1 and «(y) = — u{T~ l y). 

We have IT is normalized, 1 - e < det D 2 (p < 1 + e in IT and = on <?Lf. Let 
x G S^(x 0/ fo) n G y (u, Q) and y = Tx. Then 

-y rf(x, X) 2 < u(x) - u(x) - Vu(x) • (x - x) < y d(x, x) 2 , Vx g Q. 

Hence by changing variables we get 
(4.50) 

dCT-^T^y) 2 dCr-^T^y) 2 

~ y wt - a(y) - m - vs(y) -^y-^-y wt ' Vy G r(n) - 

Since x G S^(x ,f ) c S^Xo, f /«o)/ we have S^Xq, f /oo) c ^(x, 0f o /«o) by the 
engulfing property. It follows that d(x,x) 2 < dto/cto for x G S^Xo/ W#o) yielding 
d(J~ x y, T~ l y) 2 < 9t /a Q for all y G LZ. Consequently 

~2^ - " (y) " " (y) ~ V ' 7(y) ' (!/ ~ y) " 2^ ^ yeU - 

Let f(y) := [w(y) - w(y) - Vu(y) • (y - y)], for y G T(Q). Then |u| < 1 in IT and 
by (|4.50|) we also have 

Ky)l < J-j^y, T-'y) 2 < ^d{y, yf Vy g r(Q), 

where d(y, y) 2 := $(y) - $(y) - <V<£(y), y - y) = | det T\ 2ln d(T- l y, T^y) 2 . Moreover 

trace(OD 2 r;) = «ol del :T\t ^ ce ^ {T -i y)D 2 u{T -i y) \ = /(r - ly) =: f {y y 

y y f o 0yf o |detT|« 

Notice that y G LZ ao = r(S^(x , io)) because x G Sd,(x , io). Thus we obtain from 
Lemma l4~2l with a := that 

|G N (t>, T(Q)) n!JJ>(l- C(N-*51 + e)} \UJ 
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> U-eo 



for any N >N = N (a ,n) and provided that ||<P - W\h»(u a +1 ) ^ ((1 - ao)/4) 1+( "- 1) >', 

where 60 and W are as in (|4.46|) . This together with Lemma l4~4l implies that there 
exists e > depending only on e , a and n such that 

\G N (v, T(Q)) n UJ > |l - e„ - CAT-( £ |/|" rfy) 5 J |HJ 

But since U ao = T{S<p{x 0/ 1 )) and v(y) = ^[w(T _1 i/) - u(f) - (Vu(x), T~ l y - x)], the 
same calculations leading to (|4.42[) yield 

G N (v, T(Q)) n U ao = T(G m7tomn 2 {u, Q) n S^(x , t j) * t(g^(m, Q) n S^x , f )). 
Therefore we obtain 

r(G^( W/ Q)nS^(x ,io)) >|l-e -C(^) T (^ f0) l/l nd *)"j |T(V*o,*o))| • 
By setting N' = N6/a , we can rewrite this as 

\G Ny (u, Q) n S^xo, to)| > 1 1 - eo - C (^77) T ( f ( l/l" " f l S #o, *o)| 
for any N' > N = N («o, »)• 

□ 



4.2. W 2,p estimate. In this subsection we will use the density estimates established 
in Subsection 14. II to derive interior W 2,p -estimates for solution u of the linearized 
equation Jl§u = f when / e L I? (Q) for some q > n. We begin with the following 
key result which gives a solution to the conjecture in IIGT1 . 

Theorem 4.6. Let Qbe a normalized convex domain and u e Wf£(Q) be a solution of 

H^u = f in Q, where <p e C(Q) is a convex function satisfying <p = on <9Q. Let p > 1, 
max{n,p} < q < 00 and let < a < 1. Then there exist positive constants e and C 
depending only on p, q, a and n such that ifl-e< detD 2 (p <l + e,we have 



IP 2 «lb(Q„) < C(|M| L ~ (Q ) + ||/b(Q)). 
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Proof. We first observe that by working with the function v := —^—r, rrrr, 

£|MIl°°(q) + I l/l tap) 

instead of u, it is enough to show that there exist e, C > depending only on p, q, 
a and n such that if 1 - e < det D 2 (p < 1 + e, ||«|ta»(n) < 1 and ||/|ta(Q) < e, then 

(4.51) l|D 2 M |ta ( o a) < C. 

Note also that u e C 1 (Q) as a consequence of C}' a estimates in [GN, Theorem 4.5]. 

Let a :- ^ and No = No(ao,n) be the largest of the constants in Lemma |4~3l 
and Lemma H31 Fix M > N so that -w-^- — < ^ and (cm9)ttt > diamjo) 

where y, Co are given by Lemma IZTl and c is given by Lemma IZ7l when A = 1/2 
and A = 3/2. Next select < e < 1/2 such that 

V^o" = ^ 

and e = e(eo, ao, n) = e(p, q, a, n) be the smallest of the constants in Lemma 14.31 
and Lemma 14.51 With this choice of e, we are going to show that (|4.51|) holds. 
Applying Lemma l4~3l to the function u and using ||/|ta(Q) < e we obtain 

|S^(x , t ) n Gm(u, Q)| > (1 - e - Ce T ) |S^,(x , f )| 

as long as S^Xo,^) c Qa +i, where C = C{p,a,n) and t = x(«,n). By taking e 

even smaller if necessary we can assume Ce T < eo- Then it follows from the above 
inequality that 

(4.52) |Srf,(x / k) \ Gm(u, Q)| < 2e \SJx , t )\ for any SJx , — ) c Q« 0+ i . 

Let n(«o) > be given by Lemma |4~5l ensuring in particular that S^x, — ) c Q« 0+ i 

for all x G Q ao and f < r](«o)- Assume «2 < «i < «o are such that there exist 
rj 2 < r\\ < rj(a ) with the property: if x e Q fl2 and t < rj 2 then S^x, t) c Q ai ; and 
if x G Q fll and f < 771 then S^x, t) c Q ao . With these choices and for 1/h < r\ lr 
by using (|4.52|) and the same arguments leading to (|3.25|) we obtain: for any 
Xq 6 Q fl2 \ Ghm(u, Q) there is f Xo < 1/h such that 

(4.53) |(Q a2 \ G hM (u, Q)) n S^Xq, t Xa )\ = 2e \S^(x , t Xo )\. 
We now claim that (|4.53|) implies 

(4.54) S^Xq, t X0 ) c (Q fll \ G h (u, □)) ujxe Q ao : M,((// det D 2 ^)* )(x) > (c*Mh) n }, 

where c* := (|t) 1/t and [i := M(p. Otherwise, and since Xo e Q« 2 and t XQ < 1/h < 772, 
we have that S^Xo, t Xo ) c Q rtl and there exists x e S^Xo, t Xo ) n G/,(u, Q) such 
that A4 fI ((//detD 2 (/))")(X) < (c*Mh) n . Note also that t Xo < r/(a ) and due to our 
assumption on <p the measure is comparable to the Lebesgue measure. Then by 
Lemma 1431 applied to u we get 

Is^Xq, t XQ ) n G hM {u, Q)| > (1 - 2e ) |S^(x 0/ ^ )| 
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yielding 



|(n« 2 \ GhM(u, Q)j n S^(x ,i 3Co )| < IS^Cxo,^) \ G^ M (w,n)| < 2e |S^(z / 



This is a contradiction with (|4.53[) and so (|4.54|) is proved. We infer from (|4.53|) , 
(EL541) and O Theorem 6.3.3] that 



(4.55) \CL a2 \G m (u,Q)\ 

< V^[P fll \ G h (u,Q)\ + \{x e Q ao : M,((// deW 2 cp) n )(x) > (c*Mh) n }\], 

as long as ai < <X\ < «o are such that r\i < r\\ < rj(ao), and 1/h < r\i- 
For k = 0, 1, . . . , set 

a fc := |Q at \ G M *(«, Q)| and b fc := \{x e Q« : M,((// detD 2 ^)")^) > (c*MM fc f}|, 
where will be defined inductively in the sequel. First fix a.\ so that 

3a ° 2 < «i < «o and 771 := C (« - «iF < rj(a ). 

By taking M even larger if necessary, we can assume that 1/M < 771. Let h = M, 
and set a 2 = (X\ - , c * i/ y . Then i = i = Co(«i - a^F =: ?]2/ and so from Lemma IZTl 
and (|4.55|) we get a 2 ^ V2eo( fl i + ^i)- Next let = M 2 and a 3 = a 2 - (CoA ] 2)1/y / so 

I = Co(«2-«3)'' =: f/3. Thena 3 < V2io(«2 + ^2) < 2e «i+2eo^i+ V2io^2- Continuing 
in this way we conclude that 



fl fc+ i<(V2^) fc «i + £(^y* +1H &i for fc = l,2,. 



!=1 



On the other hand, a k+1 =a x - E - =1 ^yjw > - > 2« - 1 = « by 

our choice of «i, M and «o- Therefore for every A: > 1, 

(4.56) |Q a \ G Mk+ t(u, Q)| < \Q ak+1 \ G M ^{u, Q)| < ( V^bfai + £ ( ^) (k+1) -%. 
Next let 0(u) be the function defined by (O. We claim that @(u) e U(Q. a ) and 



(4.57) 



\\®{u)\\u(n a ) < C{p,q,a,n). 
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Indeed since u G C^Q), it is easy to see that @(u) is lower semicontinuous in Q a 
and so measurable there. Moreover, we have 

/-•CO 

\&(u)f dx = p I f^lfx e Q a : &(u)(x) > t}\ dt 
Jo 

q #+1) 

p I tP- 1 \{x€Q a :@iu)(x)>t}\dt + pY I # f p_1 |{x G Q a : ®(u)(x) > t}\ dt 
Jo j~f Jm~ 



< 



\O a \M q + (M 9 - l) Y Mi k \{x G Q a : &(u)(x) > }| 

fc=i 

oc 

£V*|G B \D a 

fc=i 

|Q| 

r . 



< \Q a \M q + (M q - l) 

< |Q«|M t? + (W - l) 



(cM 2 P ) «-i k =1 



x | + yM^|Q a \G M ,( W ,Q)| 



/c=l 



where we used (|2.9|) with k = q/p > 1 and /3 = M fc in the second inequality 
and used (|2.10[) in the last inequality Since e > is small, the first summation 
in the last expression is finite and hence (|4.57[) will follow if we can show that 
Efc=i M^\Cl a \ G M k(u, Q)| < C. For this, let us employ (H~56l) to obtain 



00 k-l 



Y M k nO a \ G M k(u, Q)| < a x M**( V^)"" 1 + L ^ V**)^ 



k=l 



fc=l 



fc=l 1=0 

00 OO 



1=0 Jt=!+1 



2e o fc=i 



1^1 l^l l^j 



1=0 



^1 



+ 



'0 fc=l ;=1 i=0 i=0 

But as /" G L«(Q) and q > n, we have from Theorem 12.21 that 

implying £°! (M n )% < C. Thus E^M fc, ?|Q a \ G M *(tt,Q)| < C and claim (14371) is 
proved. 

It follows from (14371) and HCCl Propo sition 1.1] that D 2 u G and ||D 2 u|| LP(Qa ) < 

4||©(m)IIlp(q„) ^ C(p,q,a,n). This gives (|4.51|) as desired and the proof is complete. 

□ 
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We are finally in a position to prove the main result of the paper, Theorem ll.il 

Proof of Theorem [TTT1 Lete = e(p, q, n) be the constant given by Theorem |4T6l corresponding 
to a = 1/2. Let x e Q' and suppose a section S = SJx, 5) d Q is such 
that \g(z) - g(x)\ < Ae, for each z e S. Then by the property of sections IfGl 
Theorem 3.3.8], we have 

(4.58) B(x, Krf) c S c B(x, K 2 5 b ), 

with K\, K 2 , b positive constants depending only on A, A and ft. Let Tx = Ax + b be 
an affine map normalizing S and consider the following functions on Q := T(S): 

2 

<?(y) : = ~~r~ [<H T_1 y) - #0 - v#c) • (t-V - x) - s] , 

and u(y) := | detA|"g(x) il;r u(T" 1 i/). 

We have Q is normalized, & = on dCl and D 2 <£(y) = ^i^i (^-i)f D 2 (/)(T _1 i/) A" 1 . 

Thus det D 2 (p(y) = g ^ x f ='■ g(y) and if O(y) is the cofactor matrix of D 2 (p(y), then 

£^(y) = trace(0(y) D 2 %)) = trace^^y) D^T^y)) = f{T x y) =: f\y) in Q. 
Moreover since g(x) - Ae < g(z) < g(x) + Ae for z e S and g > A, we get 

eA Ae 
1 - e < 1 — < g(y) < 1 + — - < 1 + e for y e Q. 

g(x) 6 ' £(x) 

Therefore, we can apply Theorem 14.61 to obtain 

(4.59) | JT |D 2 u(y)|P rfyj " < C(p, ? , n)(||fl|| L - (fl) + ||/H L?(fi) ) 

= c(|detA|^(x)^|| M || L » (S) + |detA|*||/|b (S )). 



By the definition of u we have D 2 u(z) = \detA\^ g{x)^r A 1 D 2 u{Tz) A in S, and 

consequently ||D 2 w|| LP(Sl/2) < ||A|| 2 | det Ar ( H)g( x )¥||D 2 u|| Lf , A/2) where S 1/2 := S^(x,<5/2). 

Notice that | det A| ~ 6"" /2 by the normalization, and ||A|| < C6" 1 by the fact 
AB{x,Kib) + b c B n (0) following from (14.58[) . Hence we deduce from (|4.59|) that 

(4.60) |JT |D 2 u(z)Nz) ' <C||A|| 2 |detA|f(|| M || L „ (s) + |detAr^(x) 1 ?||/|b (s) ) 

< C6t- 2 || U || L „ (Q) + CS^-^-'H/IIl^o), 

where C depends only on p, q, A, A and n. 

Now since Q' <s Q, we can pick <5 small depending only on the parameters 
A, A, n, dist(Q', <9Q) and the modulus of continuity of g such that for each x e Q' 
we have B(x,K 2 5 h ) d Q and \g(z) - g(x)\ < Ae in B(x,K 2 5 h ). Next select a finite 
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covering of Q' by balls {B(Xj,Ki5)W =1 with Xj e Q', then the desired inequality 
follows by adding (14.601) over [S${xj, 5/2)W y □ 

In this paper we have chosen to work with strong solutions in W^'"(Q) in order 
to reveal direct calculations. However, the interior W 2,p estimates in Theorem 14.61 
and Theorem 11.11 can be derived for viscosity solutions of X^w = / by modifying 
slightly the definition of the set Gm(u, O) and following our arguments. For this 
purpose we note that the Caffarelli-Gutierrez interior Holder estimates, which 
were used in Lemma l4~Tl still hold for viscosity solutions as observed by Trudinger 
and Wang in |TWH. 
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